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ABSTRACT 
In rock engineering, the behavior of solid particles in a fluid flow has become an important topic. This paper demonstrates the 
effectiveness of a numerical simulation method based on the micro-mechanics of the fluid-solid interaction that couples the 
lattice-Boltzmann method (LBM) and the discrete element method (DEM). LBM is known to be a suitable technique for simulating 
fluid flow in complex and time-varying geometries with boundaries. DEM has attracted much attention among rock engineers as a 
useful simulation technique for large deformation problems. With the coupling of both methods, the complex motions of solid 
particles in a fluid flow can be simulated. To verify this, the sedimentation behavior of a single circular particle is simulated in a 
fluid with different Reynolds numbers, and the results are compared with FEM. In addition, the drafting, kissing, and tumbling 
(DKT) phenomenon between two particles in a fluid is modeled and reasonable results are obtained. The results of these case 
studies suggest that the method of coupling LBM and DEM can be an effective technique for simulating many kinds of engineering 
problems. 
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1. INTRODUCTION 
Fluid-solid interaction mechanics has been examined with 
regard to various problems in the field of rock engineering. 
Typical problems involve the behavior of solid particles in 
fluid flow, such as sedimentation, fluidization, and erosion. 
Working out the mechanics of individual solid particles in 
fluid flow is essential for understanding the overall these 
types of problems. Their dynamic behavior is very 
complicated owing to the complex interactions between 
individual particles and their interactions with the 
surrounding gas, liquid, or walls. 
The lattice-Boltzmann method (LBM; McNamara and 
Zanetti 1988, Higuera and Jimenez 1989) has emerged as a 
powerful alternative tool for solving fluid flows, in addition 
to conventional finite element and finite volume-based fluid 
solvers (Feng et al. 2007). This method is suitable for the 
simulation of fluid flow within complicated and time-varying 
computational boundary geometries. 
In the particle transport problems described above, 
moving boundary conditions must be considered. Ladd 
proposed a new boundary condition between the fluid and a 
moving particle using LBM (Ladd 1994). In the proposed 
method, however, the evaluated interface force may suffer 
from severe oscillations when the particle moves across the 
grid with high velocity. This is caused by the use of a 
simplified fluid-solid boundary and interactions. The 
immersed moving boundary (IMB) method is known as a 
general modeling technique for the interactions between fluid 
and solid. Noble and Torczynski incorporated this modeling 
technique into LBM and achieved more accurate 
computations (Noble and Torczynski 1998). 
In addition, another numerical method is required for the 
evaluation of solid particle behavior. The discrete element 
method (DEM; Cundall and Strack 1979) satisfies this 
requirement for a system of discrete particles. DEM is well 
known as a useful methodology for discontinuous body 
analysis; in particular, it has received attention for its 
application to large deformation problems in rock engineering. 
In this method, a material is modeled as an assembly of 
particles that interact with each other. In general, a linear 
spring-dashpot system is adopted for the normal and 
tangential forces between particles in contact, and the 
tangential force is limited by Coulomb friction. At each time 
step, particles in contact are searched for, their contact forces 
are calculated, and then their positions are updated by 
integrating their equations of motion based on Newton’s 
second law. 
Based on these considerations, a methodology coupling 
LBM and DEM was proposed (Cook et al. 2000). This 
coupled methodology has begun to be applied to fluid-solid 
systems such as near-wellbore failure phenomena (Cook et al. 
2004) and the interaction between two settling particles (Qi 
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1999, Niu et al. 2006, Strack and Cook 2007). 
Moreover, DEM has been coupled with computational 
fluid dynamics (CFD) to describe particle-fluid flows (Tsuji 
et al. 1993, Xu and Yu 1997, Zhu et al. 2008). Some of the 
advantages of LBM over Navier-Stokes CFD include the 
potential for using an Eulerian grid and high space-time 
resolution, as well as efficient and robust implementation in 
complex fluid domains (Chen et al. 2003). A key advantage 
of LBM over traditional CFD (Tezduyar 2001) is its ability to 
be efficiently and robustly coupled to a large number of 
discrete elements. The main computational obstacle in the 
Lagrangian CFD approach is the generation of a valid mesh 
for dense particle flows where the sustained contact of 
discrete elements is a dominant physical phenomenon 
(Leonardi et al. 2008). From this point of view, the coupled 
LBM and DEM methodology is probably a more promising 
approach. 
In this paper, we attempt to simulate the sedimentation 
behavior of circular particles in a fluid flow using the 
methodology of coupled LBM and DEM. We show the results 
of a numerical simulation of single circular particles settling 
in a fluid acted upon by the gravitational force. We 
qualitatively validate this simulation method by comparing 
the results to a finite element model. In addition, we 
reproduce the drafting, kissing, and tumbling (DKT) 
phenomenon between two particles, and examine its detailed 
mechanism. In particular, we examine the relationship 
between the position of two particles and the magnitude of 
the hydrodynamic force exerted on them. 
2. NUMERICAL SIMULATION METHODS 
2.1 Lattice-Boltzmann method 
In recent years, the lattice-Boltzmann method (LBM) has 
made brilliant progress as a new technique in numerical fluid 
dynamics. This technique is different from conventional 
numerical fluid dynamics, which uses discrete Navier-Stokes 
equations. In this regard, the technique defines the 
distribution functions of “virtual fluid particles” and solves 
the evolution equation of the distribution functions. The 
technique does not incorporate Navier-Stokes equations, but 
it has been demonstrated theoretically that the calculation 
results are the same as those from Navier-Stokes equations. 
The computational domain is spatially-discretized by the 
lattice, and an extremely regular model is used for the motion 
of the particles in LBM. Concurrently, it is necessary to apply 
an appropriate collision term satisfying the conservation law 
of the flow. Many simulation models using various collision 
terms and velocity models have been suggested. In this work, 
a 2D incompressible fluid flow with density   and 
kinematic viscosity   is simulated in a computational 
domain that is divided into a regular lattice with spacing h  
in both the x and y directions. The Bhatnagar-Gross-Krook 
(BGK) model and the D2Q9 model (Figure 1) is used for the 
collision term and the velocity model, respectively (Qian et al. 
1992, Succi et al. 1993). In this discretization scheme, the 
fluid at each node moves to its eight neighboring nodes at 
different velocities  8,...,1iie  or rests with zero velocity 
0e . 
The evolution of the density distribution functions at each 
time step is formulated as follows: 
 
 
Figure 1. The D2Q9 model. 
 
Figure 2. Noble and Torczynski’s scheme. 
        tftftftttf eqiiiii ,,1,, xxxex  
 (1) 
where  8,...,0ifi  are nine fluid density distribution 
functions for any node x , tiex ;   is the relaxation 
time; and eq
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Here, 
iw  are the weighting functions, and C  is the lattice 
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The relaxation time   shows a non-dimensional time 
scale that the density distribution function at each node takes 
to approach the equilibrium distribution functions. The 
macroscopic fluid parameters, density   and velocity v , at 
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The kinematic viscosity coefficient of the fluid   can be 















  (6) 
There are three parameters for the fluid viscosity as 
shown by Equation (6): the relaxation time  , the lattice 
spacing h , and the discrete time step t . This equation 
indicates that these three parameters cannot be selected 
independently, but have to be related to achieve a desired 
fluid viscosity (Feng et al. 2007). 
The standard formulation of LBM was developed for 
laminar flows at low Reynolds numbers (typically around 100 
or less). In this study, the coupled methodology uses standard 
LBM. Many engineering problems nevertheless exhibit 
turbulent behavior. Recently, new attempts have been made 
to incorporate some existing turbulence models such as large 
eddy simulation into LBM (Feng et al. 2007). 
2.2 Moving solid boundary condition 
A moving boundary condition is essential for the coupled 
LBM and DEM methodology. Many moving boundary 
conditions for LBM have been proposed. In this study, we 
adopt a scheme proposed by Noble and Torczynski (Noble 
and Torczynski 1998, Han et al. 2007, Feng et al. 2007). In 
this scheme, the collision operator in the LBM equation is 
modified by the solid area fraction   in each nodal cell 
(Figure 2). Thus, Equation (1) for the nodes covered by the 
solid particle becomes 
   tftttf iii ,, xex   
       mieqii ftftf   ,,1
1
xx  (7) 
where   is a weighting function that depends on the solid 
area fraction   in each nodal cell: 
 







  (8) 
m
if  is a new collision term that accounts for the 
bounce-back of the non-equilibrium part of the distribution 
function and is given by 
       vvxx ,,,,  eqibeqiiimi fftftff    (9) 
 
Figure 3. The cycle of computation for coupled LBM and 
DEM. 
where i  denotes the direction opposite of i . 
The hydrodynamic forces and torque exerted on a particle 
















































where n  is the number of nodes covered by a particle. 
2.3 Discrete element method 
The discrete element method (DEM) is one of the 
simulation methods suitable for discontinuous bodies such as 
rock mass and ground. This method can simulate the dynamic 
behavior of rock mass by considering the simulation object as 
an aggregate of rigid particles. Interparticle force is generated 
by setting a virtual spring. The equations of motion for each 
particle are solved to track its behavior.  
The equations of motion for solid particles in a fluid are 
as follows: 
fluidsolidcm FFva   (12) 
fluidsolidI TTθ   (13) 
where m  is the particle mass; a  and v  the particle 
acceleration and velocity, respectively; c  the damping 
coefficient; I  moment of inertia; and θ  the angular 
acceleration. 
2.4 Outline of fluid-solid systems 
The cycle of computation for the coupled LBM and DEM 
methodology is as follows (Figure 3): 
(1) Fluid motion is simulated by solving the Boltzmann 
equation. 
(2) The hydrodynamic force exerted on each particle is 
calculated. 

































Figure 4. Model for the simulation of a settling circular 
particle. 
Table 1. Input parameters for the simulation of a settling 
circular particle. 
DEM Discrete time step 5.0×10-6 [sec] 
 Solid density 2.0×103 [kg/m3] 
 Particle radius 6.0×10-3 [m] 
LBM Discrete time step 3.6×10-5 [sec] 
 Fluid density 1.0×103 [kg/m3] 
 Number of nodes 652×32 [-] 
 Lattice spacing 6.0×10-4 [m] 
 
Gravitational acceleration 9.8 [m/sec2] 
Simulation duration 1.8×101 [sec] 








Case 1 0.555 1.83×10-4 
Case 2 0.528 9.33×10-5 
Case 3 0.519 6.33×10-5 
 
(3) The hydrodynamic and contact forces between particles 
are regarded as external forces. The translational and 
rotational motions of each particle are calculated by solving 
the motion equation. 
(4) A new boundary for the fluid is formed by updating the 
particle position. 
3. SIMULATION OF A SETTLING CIRCULAR 
PARTICLE 
3.1 Settling of a single circular particle 
To evaluate the newly developed program, we carried out 
a numerical simulation of the sedimentation behavior of a 
single circular particle in a fluid. The settling of a circular 
particle in a vertical channel between parallel walls was 
computed by Feng et al. (1994) using the finite element 
method (FEM). In their numerical experiment, a circular 
































Figure 6. Settling particle trajectories in this study. 
initial offset from the center of the channel. They discovered 
several different modes of sedimentation for a circular 
particle associated with Reynolds numbers of different 
magnitudes. We compared our computational results with the 
results from Feng et al. (1994) for each Reynolds number. In 
our simulation, the Reynolds number is based on the 
maximum flow velocity and the particle diameter. 
3.2 Simulation condition 
Figure 4 describes the initial state of the simulation model. 
The x-axis is located vertically down on the left wall and the 
y-axis is located horizontally to the right. The computational 
domain is 18 mm wide (L) by 390 mm height (H). The 
circular particle is 12 mm in diameter (D). The initial central 
coordinate of this circular particle is (x0, y0) = (0, 0.4L). The 
particle/fluid density ratio is 2.0. 
The input parameters are given in Table 1. The relaxation 
time   is one of the parameters that determine the fluid 
viscosity, and by varying its value we obtain different values 
of the kinematic viscosity coefficient of the fluid (Equation 
(6)). Table 2 lists the values of the relaxation time used in this 
simulation and the resulting values of the kinematic viscosity 
coefficient. It can be seen that the viscosity of the fluid used 
in this simulation is rather high compared to water. 
3.3 Settling particle trajectories  
By comparing the results of the numerical experiments by 
Feng et al. (1994) (Figure 5) to the results of our simulation 
using the parameters listed in Tables 1 and 2 (Figure 6), it can 
be seen that the settling particle trajectories related to each 









































Figure 7. Model for simulating the DKT phenomenon. 
Table 3. Input parameters for the DKT phenomenon 
simulation. 
DEM Discrete time step 5.0×10-6 [sec] 
 Solid density 2.5×103 [kg/m3] 













 Damping coefficient 1.0 [Nsec/m] 
LBM Discrete time step 1.0×10-4 [sec] 
 Fluid density 1.0×103 [kg/m3] 




 Lattice spacing 1.0×10-3 [m] 





Simulation duration 5.0 [sec] 
 
Reynolds number seem to follow a similar tendency. For a 
low Reynolds number, the particle drifts toward the center, 
either monotonically approaching it or overshooting it with a 
damped oscillation. In the case of a higher Reynolds number, 
the particle settles after oscillating regularly or irregularly 
around the center. 
Decreasing the value of the relaxation time (or increasing 
the Reynolds number) increases the amplitude of these 
trajectories. This seems to be caused by the low drag force 
exerted on the particle. Moreover, it is possible that the 
different definition of Reynolds numbers and the oversized 
lattice spacing are the reasons that the two results are 
different. 
4. DKT PHENOMENON SIMULATION 
4.1 DKT phenomenon 
The drafting, kissing, and tumbling (DKT) cycle was 
    
(a) 0.05 sec (b) 0.65 sec (c) 0.80 sec (d) 2.00 sec 
HighLow
Flow velocity distribution  







































Figure 9. The x-axis position of two circular particles vs. 
simulation duration. 
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Figure 11. The hydrodynamic forces exerted on two circular 
particles. 
discovered by experiment (Fortes et al. 1987). This 
phenomenon occurs between particles settling in a fluid. The 
phenomenon consists of the following three stages. In the 
drafting stage, the upper particle is accelerated by the 
low-pressure wake of the lower particle. In the kissing stage, 
the upper particle overtakes and possibly contacts the lower 
particle. In the tumbling stage, they tumble with the upper 
particle assuming the lower one. 
4.2 Sedimentation behavior of two circular particles 
We simulated the sedimentation behavior of two circular 
particles by using this coupled LBM and DEM methodology. 
Figure 7 shows the initial state of the simulation model. The 
computational domain is 100 mm wide (L) by 1000 mm 
height (H). The two circular particles are 12 mm in diameter. 
The upper particle is gray, and the lower particle is white. The 
particle/fluid density ratio is 2.5 and the input parameters are 
given in Table 3. 
In the first DKT cycle (Re = 1.87) obtained by this 
simulation (Figure 8), the gray particle is first accelerated by 
the high velocity field behind the white particle. Next, the 
gray particle catches up with the white particle and the two 
particles replace each other. In this simulation, the DKT cycle 
occurred twice (Figure 9). 
The gap between the two settling particles is shown in 
Figure 10. In the first DKT cycle, the minimum gap is 4.77 
mm at t = 0.61 sec. Figures 11 and 12 show the x and y 
components of the hydrodynamic forces exerted on the two 
particles and the settling velocities of the particles, 
respectively. The upward force exerted on the two particles as 
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Figure 12. The velocities of the two circular particles. 
0.62 sec, the drag force on the white particle is often larger 
than that on the gray particle. Accordingly, the gray particle 
has the larger velocity and overtakes the white particle 
(Figures 10 and 12). 
5. CONCLUSION 
We simulated the sedimentation behavior of a single 
circular particle and the DKT phenomenon between two 
circular particles by using a simulator with a model that 
couples LBM and DEM. In the simulation of single-particle 
sedimentation, different modes of sedimentation related to 
Reynolds numbers appeared, and the results agreed well with 
FEM. In addition, we simulated two sets of the DKT cycle. 
The most significant finding is that the larger drag force 
working on the particle in the lower position causes the 
drafting stage. However, no contact between the two particles 
occurred in our simulation cases; hence, the conditions for 
contact occurrence are still unknown. 
In the future, we will apply this method to the 
multi-particle problem of simulating the behavior of sand 
grains in fluids such as oil production with sand from an 
unconsolidated formation. Such cases require a very densely 
packed DEM model, so flow paths between the particles must 
be modeled rigorously. Another matter to be solved is the 
relation between the fluid path scale and lattice spacing in the 
LBM model. 
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